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STOCHASTIC AVERAGING WITH A FLATTENED
HAMILTONIAN: A MARKOV PROCESS ON A STRATIFIED
SPACE (A WHISKERED SPHERE)

RICHARD B. SOWERS

ABSTRACT. We consider a random perturbation of a 2-dimensional Hamilton-
ian ODE. Under an appropriate change of time, we identify a reduced model,
which in some aspects is similar to a stochastically averaged model. The nov-
elty of our problem is that the set of critical points of the Hamiltonian has an
interior. Thus we can stochastically average outside this set of critical points,
but inside we can make no model reduction. The result is a Markov process
on a stratified space which looks like a whiskered sphere (i.e, a 2-dimensional
sphere with a line attached). At the junction of the sphere and the line, glueing
conditions identify the behavior of the Markov process.

1. INTRODUCTION

One of the principal raisons d’étre of “applied mathematics” is in model reduc-
tion; i.e., the development of rigorous methods to replace, often in some limiting
regime, a complicated system by a simpler, or lower-dimensional one. We here
study a model-reduction problem in Markov processes, namely a problem in sto-
chastic averaging.

The underpinning of classical averaging is a separation of time scales; there is a
coordinate which slowly varies (often thought of as the energy) and a coordinate
which quickly varies (typically thought of as an angle). As the ratio of the fast
to slow speed increases, it becomes possible to in a sense fix the slowly varying
coordinate and carry out a long-term average in the quickly varying component. A
simple example of such a system is a Hamiltonian system with small perturbations.
The slowly varying coordinate is the value of the Hamiltonian and the quickly
varying coordinate is the position (or angle) in the appropriate level set of the
Hamiltonian. One can seek a reduced model for the slow variable by first rescaling
time so that the variation of the slow variable is of order one. As the fast motion
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becomes faster, the behavior of the slow variable can (often) be described via a
closed set of equations (without reference to the fast variable).

The nature and complexity of the reduced or averaged process depends on the
complexity of the Hamiltonian H; roughly, the reduced process takes values in the
space of orbits of the fast motion. When H is fairly simple, viz., something like
a paraboloid with a single isolated elliptic critical point, the reduced process is
simply a Markov process on a line—a classical result [15]. However, this machinery
has only recently been extended to handle more complicated Hamiltonians; e.g.,
Hamiltonians with a finite collection of distinct minima and saddle points; in this
case the reduced Markov process takes its values in a graph which encodes the
topology of the level sets of H [8 [9, 10]. A common assumption in all studies up
to now is that H is nondegenerate at its critical points (i.e., the Hessian of H at its
critical points is nondegenerate). Our goal here is to investigate what happens when
this last assumption is violently removed; i.e., when the set of critical points actually
has an interior. Outside of the set of critical points, standard stochastic averaging
can be used to asymptotically reduce the dimension. Inside the set of critical
points, however, no dimensional reduction can occur. One must then glue these
two spaces and the corresponding processes together. In the simple 2-dimensional
example which we consider here, we will see that the result is a Markov process
on a whiskered sphere (a sphere with a line attached). More mathematically, the
process takes place on a stratified space. The Markov process on the stratified
space naturally involves the original generator inside the set of critical points and
the averaged generator outside the set of critical points, but also involves a glueing
condition at the junction.

Stochastic averaging has a long history. Stratonovich [23] and Gikhman [I1]
developed some of the first averaging results. Completely rigorous arguments in-
volving diffusion processes were given by Khas'minskii [I4] [I5]. Several authors
[3, 4,18, [1Y] have subsequently developed the classical theory in different directions
under various less stringent assumptions and with real noise. The formulation of
stochastic averaging using the martingale problem was developed by Papanicolaou
and Kohler [20]; we too shall use the martingale problem formulation. All of these
efforts involved Hamiltonians with a single nondegenerate minimum. As we men-
tioned above, Freidlin and Wentzell [10] gave the first successful rigorous analysis
of a system involving a Hamiltonian with multiple minima and saddle points (al-
though there were prior efforts in this direction by Neishtadt [16] and Wolansky
[25).

Our effort here appears to be one of the first studies of a Markov process on a
stratified space with a dimensional discontinuity. The only other result we have
been able to find about a process with such a dimensional discontinuity is in the
recent work of Burdzy and Bass [2] which introduced a “fiber” Brownian motion to
study the “hot spots” problem. There is a vast literature about diffusions on sets
which locally look like Euclidean space (i.e., differentiable manifolds); part of the
novelty of this work is that one of the model spaces for our stratified space is the
union of a line and a plane; see Figure 2.

We hope that some of the techniques developed here have a somewhat wider
applicability. At the heart of our efforts is a certain boundary-layer analysis. Since
we are interested in a fast drift and diffusion of order one, this boundary analysis
naturally can be phrased as a singular perturbation problem. Some classical work
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by Khasminskii [I3] suggests a coordinate transformation which makes the dom-
inant part of this singular perturbation problem explicitly solvable. The singular
perturbation analysis using Khasminskii’s coordinates appears to be a common way
to study various stochastic averaging problems involving glueing conditions.

2. PROBLEM STATEMENT AND MAIN RESULT

Our problem will be on R?. For any function F' € C'(R?), we define the vector
field (or more accurately derivation) VE as

c det OF 99 _oF 9%
(VF)g) (x1,22) = s (xuxz)axl (z1,22) o ($17$2)ax2 (z1,22),

p e COO(RQ), (1‘1,1)2) S RQ,

(i.e., VF is the symplectic gradient of F' with the usual symplectic structure on
R?). For the purposes of discussion, let’s fix a Hamiltonian function H, on which
we for the moment make minimal assumptions:

Assumption 2.1 (Hamiltonian). Let H be in C?(R?).

We will later make some further restrictions on H. The generator of the fast
motion will be e 2V H. We want to perturb this by a diffusive motion.

Assumption 2.2 (Diffusion Generator and Bracket). Let .Z be a second-order
partial differential operator of the form

of 1 0? 9
(ZLf)(@r,20) & 7 Z ai,j(xlax2)8xiaf (z1,22) Z bi(w1,72) 8f (z1,22)
i,7€{1,2} i€{1,2}

for all f € C%(R?) and (z1,x2) € R?, where the a; ;’s and b;’s are C*™ functions on
RZ2. Define the bilinear form (-,-) on T*R? via the formula

(df,dg) (z1,22) = ZL(fg)(x1,22) — f(21,22)(Lg) (21, 72)
— g(z1,22)(ZL f) (21, 72)
= Z g, j ($1,$2)§£ (%@2)55 ($1,$2)
i,5€{1,2} ¢ J

which we assume to hold for all f and g in C?(R?) and all (z1, z2) € R?. We require
that .Z be strongly elliptic; i.e.,

(df,df) (x) >0
for all z € R? and all f € C?(R?) with df (z) #
We note that if f € C?(R?) and ® € C?(R), then
ZL(®o f)(z) = D(f(2)(Lf)(x) + ( (x)) (df, df) (x)
for all z € R2. We will consider the Markov process on R? whose generator is
e 1.
g g1 VH
€
(with domain 2(£°) > C?%(R?)). We will construct this Markov process in a

canonical way, via the martingale problem [l 24]. Define the event space {2 def
C(]0,0); R?). Define the coordinate functions X;(w) def w(t) for all ¢ > 0 and all
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w € Q. For each t > 0, define .%; def 0{Xs; 0 < s <t} and define a sigma-algebra

on Q by F Lef Vtzo Z¢. Note that we have made no assumptions on the structure
of H at infinity, nor do we want to. Fix an energy level H > 0 and define the set
SYzeR?: H(z) < H}
and let e be the first time that X leaves S; i.e.,
e ©inf{t > 0; H(X,) > H}.
We can now define our principal objects of interest.

Definition 2.3 (Original Stopped Martingale Problem). Fix x, € S. For each
e >0, let P° € 2(C([0,00);S)) be a solution to the stopped martingale prob-
lem with generator . whose domain contains C?(R?) (as a dense subset), initial
condition 4, , and stopping time e. Let E° be the corresponding expectation opera-
tor. This means the following. Firstly, that P<{X, = z,} = 1. Secondly, that if we
fix f€ C?(R?),0<r <ry <---<r, <s<tand {g;;7=1,2...n} C Cy(R?),
then

tAe

Ef {f(Xm)—f(XsAe)— /

sAe

(x| TLesx)| =0

More or less, under P¢, X = (2!, 2?) satisfies the stochastic differential equation

(1)

1 0H )
da} = Gg—(x%,xf)dt—l—bl(xtl,xf)dt—l— Z ay iz, x2)dWy,
£% O%2 ie{1,2}
1 0H )
da? = ——2—(xt1,xf)dt + bo(x}, x2)dt + Z ag iz}, 22)dWy, tz0,
e* 0wy ic{1,2) /

(x(l)v x(Q)) = To

up until time e, where W' and W? are some independent Wiener processes. We
note that if in addition to Assumption R.1, VH is assumed to be Lipschitz and
of linear growth, then standard calculations ensure that (1) has a solution for all
time. We have a canonical H in mind, however (see Remark 2.5)), for which VH
is not globally Lipschitz, so we feel ethically compelled to content ourselves with a
localized theory (which allows for sufficiently smooth coefficients which may have
bad growth at infinity).

We are interested in the behavior of P¢ as e tends to zero. Since (VH)H = 0,
the variation of H(X) under P° is of order 1 as ¢ tends to zero (i.e., H(X,) is the
slow variable). Classical stochastic averaging theory, which requires that H have a
single nondegenerate critical point, suggests that we look at the P¢ law of H(X})
and try to show that it converges to a Markov process. Our interest here is when
the set of critical points actually has an interior. We will assume that H has a
certain general representation.

Assumption 2.4 (Representation of Hamiltonian). Assume that ® € C°°(R?) is
nonsingular on {z € R? : D(z) > 0} (i.e., dD(x) # 0 whenever D(x) > 0). We
assume that

3%z eR?: D(2) <0}
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View from Below Contour Plot
FI1GURE 1. Potential Energy Function for Canonical Hamiltonian

is a diffeomorphism of the unit disk, lim ;| ®(z) = oo, and that

H(zx) def max{0,D(z)}", r € R?

for some n > 2.

Essentially, this means that the function
D)= (H@)", g,
has a smooth extension inside 3. Also, Assumption 2-4]implies several other things.
First, that
{reR?*: dH(z) =0} = {z € R*: H(z) =0} =3.

Second, that for each h > 0, H~1(h) is a connected smooth curve with finite #!-
measure (where J#! is standard 1-dimensional Hausdorff measure). Thirdly, the
above assumptions imply that

(2) VH = n (max{0,D(z)})" "' VO

and from this we see that VH is locally Lipschitz.
One should keep the following simple example in mind.

Remark 2.5 (Canonical Example). The simplest sort of Hamiltonian with a “flat”
area is

Hen(@) = {(loflz ~ ¥} 2R,

where n > 2 (and where || - ||g2 is the standard Euclidean distance on R?). Here we
can take ® € C°(R?) so that D(z) = ||z||gz — 1 for ||z||gz > 1. It helps to keep
this example, which is pictured in Figure [l in mind.

The point of classical stochastic averaging is an asymptotic separation of scales;
under P¢, we can hope to find some closed dynamics for the slow variable by aver-
aging over the invariant measure of the fast variable. Consider the flow

§i(2) = VH(gi()),
3) _
go(x) =,
We want to use g to generate an equivalence relation on the original state space S.
If 2 € S\ 3, then {gi(x); t € R} is the level set H'(H(z)) = D~ (D(x)), and if
x € 3, then g:(z) = x for all t € R. If we were simply to take the quotient of S by
the standard group action, then the quotient space would be the two-dimensional

teR, z € R2
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disk 3 and a collection of orbits which could be parametrized by points of (0, H].
In particular, each element of 03 would be its own equivalence class. Intuitively,
however, we also need to identify 93 as the limit of orbits in R?\ 3. This stems from
the fact that if we start the SDE () on a point of 93, the diffusion could kick the
trajectory into S\ 3, where the fast drift would quickly take it to a neighborhood
of any other point of 03; i.e., we need to identify all elements of 93. This naturally
occurs in chain equivalence. We shall follow the notation of [22]. We say that
there is a d-chain of length 7' > 0 from = € R? to y € R? if there is a sequence
(zj3 7 = 1,2...n) of points in R? and a sequence 0 = tg < t; < --- < t, =T of
times such that zop = = and z, = y and such that ||g¢, ¢, , (2j-1) — 24| < ¢ for all
1 < j < n. We note that for each point 2 € R? and each T > 0, there is a J-chain
of length 7" > T from itself to itself for each § > 0 (the orbits of g are periodic on
S\ 3 and 3 consists of fixed points of g); thus the chain recurrent set of (@) is all of
R2. We then define an equivalence relation ~ (chain equivalence) on R? by saying
that x ~ y if for each T' > 0 and each § > 0 there is a d-chain of length 77 > T
from x to y and a Jd-chain of length 7" > T from y to x. This is the “correct”
general equivalence relation in that two points are equivalent if a combination of
a small diffusive perturbation and the fast drift takes one point to the other and
back again. Define

def

and endow M with the quotient topology defined by ~. If x € S, we let [z] = def

{y €S : y ~ z} be the equivalence class of = (the chain components of R?) and we

define 7(x) ef [z]. In line with our above comments, we note that 7(z) = {«} if

r€3°, n(r) =H Y(H(z)) =D D(z)) if v € S\ 3, and 7(z) = 93 if z € 93 (i.e.,
all points in 93 are equivalent). Thus

M=3°UxUTU®

where

T€3° €03
r= U [x], and ® = U [x].
z€S\3 €08

It is easy to see that 3° is a two-dimensional open C°° manifold, I' is a one-
dimensional open C'*° manifold, the point * is the limit of points in both 3° and T,
and the point ® is the limit of points in I'. This makes 9 into a stratified space
[12] if we enforce the ordering x < 3°, x < I', and ® < I'. We also note that there
is a homeomorphism between 9t and a “whiskered sphere” in R3. First, let is be a

diffeomorphism from 3 to the unit disk D Lf {x € R?: ||z||gz < 1} (the existence of
iy is ensured by Assumption[24)). Next let i; : D — S? be defined by stereographic

projection such that i;(0D) = (0,0,1). We then define

(i1 0 p)(x) if z €35°,
i(z) < {(0,0,1) if 2 = ,
(0,0,H(z)+1) ifzeS\;

The image of i is the whiskered sphere S2U ({0} x {0} x [1, H]); see Figure Bl Since
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F1GURE 2. The Lollipop

i is a homeomorphism into R?, we can define the metric

(4) p(r(x),m(y) Ellion) (@) — (om)(y)les, zy€S,

where || - ||gs is the standard Euclidean norm on R3. It is now easy to see that 9
is in fact Polish.

Remark 2.6. From Figure2] we see that 9 is the union of a ball and a line. On the
surface of the ball, the model space for 9 is the plane (i.e., the surface of the ball
is 2-dimensional), and on the line, the model space for 91 is the (one-dimensional)
line. The model space for 91 at x is the union of a line and a plane.

Returning to averaging, we want to average the dynamics of the slow variables
to get an effective 9-valued process. We define an averaging operator A to do this.

Definition 2.7 (Averaging Operator). First, define a pre-averaging operator A°.
The domain of A° is the set of all real-valued mappings ¢ whose domain contains
S\ 93 and such that <,0|S\83 € B(S\93) (note that S\ 93 = 3°U(S\3) = 7 1(3°UT)).
For such a ¢, define A°p € B(3° UT") by the formula

o(x) if z € 3°,

(A%)([2]) = § Lyewm #WITVH®)II 750 7 (dy) tres)

(where || - [| gz is the standard metric on TR?). We say that ¢ € Za if ¢ is in the
domain of A° and the limits

[3513* (A°p)([z])  and [ xlfi% (A%p)([])
[z]ez°ur [z]ez°ur

exist; if ¢ € Da, we define (Ap)([z]) M im wl—z] (A°p)([y]) for all [z] € M.
lyles°ur

If p € C(S)N Za, then

(A)(e]) = Jim 7 [ ladte)is

for all x € M.
Our goal is to show that the P*-law of

def
}/t = [Xt/\e]7 tZ Oa

converges to that of an 9-valued Markov process as € tends to zero and to identify
the generator of the limiting law. To be even more precise, for each z € S and
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€ > 0, define the probability measure

Pt(A) W pe{y e A}, Ae B(C([0,),8))

we want to understand what the asymptotics of the P*T’s are as e tends to zero.
Let’s define the usual averaged generator. Fix f € C?(3° UT); then f ox is C?
on S\ 93, so Z(f o) is well-defined on S\ 93. If L(f on) € Da, we set

(Lo /) ([2]) E (A (L(fom) (2]),  [2] M.

We then expect that the limiting dynamics of Y will be given by the generator Zye
whose domain should be some subset of such f such that in addition

lim  (Zave f)([2]) = 0.
[z]—-®
[z]€;°Ur

This encompasses what we expect when the process X is not at x; the P¢ law of
{[Xt]; t > 0} tends to the solution of the martingale problem with the standard
averaged generator up to the time when X exits S\ 3, and where it is killed upon
hitting ®. On the other hand, the P° law of {[X;]; ¢ > 0} tends to the solution of
the martingale problem for the original generator .Z up to the time when X exits
3° (inside 3°, there is no fast motion).

We need to glue these generators together to specify what happens to Y when it
hits x. The effect of glueing these two generators together is to enforce requirements
on the domain of the overall generator at %; see Remark 2121 For f € C1(3°), we
define an “inner” glueing operator

aer . Jyera (A dD) WIVD(Y)l| 7z (dy)
ginnerf = lim

[[;C]]E—;; fye[x] VD(y) H;Hlvjfl (dy)

if this limit exists. We next lift ® to I'; define ® € C?(T") by the formula
D(z) =D(z]), [a]€T.

Since Zave is a nondegenerate elliptic operator on C%(T') we can consequently define
the nonnegative bilinear form (-,-), . on T"T by

(df,d9) e ([2]) = (Zave(f9)) ([2]) = f([2])(Laveg)([])
—9([#D)(Zave /)([2]),  [a] €T,

for all f and g in C(9M) which are C? on 3° UT and such that Z(f o), £(go),
and Z((fg) o) are all in Za; in this case, (d(f om),d(go 7)) € Da, and

(df,dg) oo ([2]) = (A(d(f o 7),d(g o 7)) ([2])

for all [x] € T. For f € CY(T), we define an “outer” glueing operator

gouterf d:ef [%m <dfa d®> ([(E])
[z]er

if this limit exists. We will prove the following result in Section

Lemma 2.8. Fiz f € C(9M) such that f € C*(3°UT) and L(f on) € Da. Then

ginnerf and gouterf exist.

Proof. Lemmas and O
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Note that if f € C1(IR?) is such that %pner f exists, then

ginnerf = [}C}I_r}* (Ao <df7 d@>) ([x])’
[x]€5°

thus %inner defines an “averaged” derivative from the inside of 3. This will help us
in Remark 22T31to explain the glueing conditions.

Remark 2.9. Since we have a natural nondegenerate symbol (-,-) defined on the
open manifold 3° and a natural nondegenerate symbol (-,-), . defined on the open
manifold I', each of these open manifolds has an intrinsic Riemannian metric; thus
the ball and the line in Figure [2 are both Riemannian manifolds. Any attempt
to extend this Riemannian metric from i to all of R? (i.e., to create an isometric
embedding in R3) would, however, generate a singularity. One can take two se-
quences of points in 3° which converge to different points of 93. Although these
two sequences must converge to the same point in the topology of 9, they clearly
cannot do so in the Riemannian metric on 3°.

Let’s start to write down things for our main result.

Definition 2.10 (Limiting Domain and Generator). Define

@M:ef{fec(gm);f €C*(3°UT), ZL(forw) € Da,

3oul’

ginnerf = gouterf and lim (aiﬂavef) ([J)]) =0

[z]—-®

[z]€s°Ur

For f € 2, we define
(L) € lim | (Zae 1)

[y]—[z
[yles°ur

for all [y] € M.

The requirement that %nnerf = YouterS is the glueing conditions. See Remark
for an intepretation of the glueing condition as a continuity law. Let’s next
make the usual setup on the event space QF Lof C(]0,00); ). Define the coordinate
functions X, (w) &t w(t) for all t > 0 and all w € QF. For each ¢t > 0, define
Z/ def o{X1;0< s <t} and define a sigma-algebra on Qf by .FT def Viso Z/ .

Theorem 2.11 (Main Result). The P=t’s tend to the unique solution P of the
martingale problem with generator % with domain 2% and with initial condi-
tion Ox(z,)- The martingale problem defining Pt means the following. Firstly that
]P’Jf{X(J)r = 7(x0)} = 1. Secondly, that if we fix f € 2T, 0<r; <rg <--- <1, <
s<t, and {cp;; i=12...n} C C(OM), then

t n
o |- - [@nedad [Le)| <o

S

j=1

Our proof of this result is (hopefully) arranged in a natural and easily-readable
way. First, we will prove that the P=1’s are tight (Proposition [31)); thus, by Pro-
horov’s theorem, there must be at least one cluster point of the P51’s in the weak
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topology of Z(C([0,00);9)). Our next goal (Proposition El) is to prove that any
such cluster point satisfies the martingale problem with domain and generator given
in Definition IO This will take some work. First we need to transfer (in some
approximate sense) test functions in 27 back to elements of C?(R?) (which is a
dense subset of the domain of .#¢), the domain of the original martingale problem
(from Definition [2:3)). This is done in Section [l where we also set up some ap-
proximate calculations in the original state space S. Then we prove in Section [5] a
bound on the amount of time that X spends near 03; this will be useful in showing
that various error terms which appear near 03 are negligible. In Section[f] we prove
some stochastic averaging results. These averaging calculations must be carefully
done since we need to average right up to the boundary 93; the glueing operators
Ginner and outer come from some averaged boundary-layer quantities (see Remark
below). In Section [7] we return to the martingale problem and show that ()
must indeed be true for any cluster point of the P=f’s. At last, in Section 8 we
show (Proposition BIl) that .#T generates a strongly continuous positive contrac-
tion semigroup on C'(9M), so the probability measure satisfying (@) must be unique.
By [B, Theorem 4.8.2], this gives us the proof of our main result.

Remark 2.12. One can make an analogy between the limiting process on 9t and
skew Brownian motion [21]. The trajectories of skew Brownian motion behave like
ordinary Brownian motion until they hit zero. Informally, when a trajectory of
skew Brownian motion hits zero, a coin (possibly biased) is flipped to determine
whether the next excursion is positive or negative. The generator of the limiting
process here is similar in spirit to the generator of skew Brownian motion (see |21}
Exercise VII.2.1.23]. One could informally interpret the dynamics of the limiting
process in our problem as follows. When the trajectory hits x, a coin is flipped
(based on the glueing coefficients) to determine whether the next excursion will be
in I" or 3°. If the excursion is in 3°, the law by which the trajectory enters 3° should
be some type of (appropriately weighted) uniform distribution over 93. See [7] for
a rigorous treatment of this construction.

Before starting our main arguments, let’s introduce some notational conven-
tions. For any function F' € C1(R?), we define the vector field (or more accurately
derivation) VF as

def OF dyp OF Ao
VF = - il e
(VF)p) (z1,22) 8x1($1,$2)8x1($1,$2)+8x2($1,$2)8x2($1,$2)7
@ € C™(R?), (x1,15) € R?
(i.e., VF is the standard gradient of F').
It will also be useful to use ® to map I into R (even though H, not © is our
original Hamiltonian). Define

DE Y,
If ¢ is a real-valued function whose domain contains I', we define ¢p : (0, D) — R
by
ep(D(z)) = ¢(z]),  zeS\3

Secondly, let s € (0, D) be such that dD(z) # 0 for all x € S such that |D(z)| < s
(the existence of such a s is ensured by continuity and Assumption [Z7]). Define
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also
(6) N e es: D) < s}
Let’s also define
o*([2]) ' (A° (dD,dD))(l])  and  b([z]) T (A°(£D))([x])

for all z € S\ 3. In light of our hypotheses (i.e., Assumption 2:4)), we have that both
a2,(0) def limgn 0 0% (d) and bp(0) def limg o bp(d) exist and ¢%,(0) > 0. Finally,
define the second-order differential operator Zp on C?((0, D)) as

(Zo@)(d) = Sobld)p(d) +bo(@g(), e 0,D), ¢ € CX(0, D)),

then (ZLavew)([7]) = (Lpyp)(@(z)) for z € S\ 3 and ¢ € C%(3° UT) such that
ZL(pom) € Da.

Using this notation, we can understand the glueing condition a bit better.

Remark 2.13. Essentially, the glueing condition can be thought of as a continuity
equation and a conservation equation. Assume for the sake of argument that there
is ap; € COO((OvoO) X 3); app € COO((OvoO) x [Ovb])v and a p@(t) € Coo((o’oo))
such that

B )] = |

r€3°

D —
p.2)f@do + [ pp(t.a)fo(@)ds + e ()fp(D)

forallt > 0 and all f € 2T, where fp(D) Lof lim, ~p fp(d) (since (-, -) is nondegen-
erate, X spends zero time at 03, and consequently X T must spend zero time at x,
so we shouldn’t need a term at x on the right-hand side of this representation; on
the other hand, since X is killed at 9S, we do need a Dirac mass at ®). Assuming
enough smoothness,

D
/mo %(t, ) f(a)dz + /x=o %f(t, @) fp(z)dz + pe () fp (D)

D

- /meao p;(t,2) (L f)(2)dx + /

Since the definition of 2T ensures that (£p fp)(D) = 0, the last term is identically
Z€TO.
By taking the test function f to have support in 3° or I', we get that

OpD(tv x) (Zp fp) (x)dx + pe (t)(Lp fp)(D).

9 .
%(t,x): (.,?adJRQpé) (t, ), t>0,ze€3°,
(7)

19) : _

T (t.a) = (£5%pp) (ha).  1>0,2€(0,D),
where Z2diz2 and fgdm are respectively the adjoints of .2 and .£p with respect to
R? and R. This is the standard Chapman-Kolmogorov equation. Let’s write these
PDE’s in more physically meaningful notation. Convert .Z and Zp to Hérmander-
form operators; i.e., £ = %Z?zl X2+ Xo and &p = %Yf + Yo, where the X;’s
are vector fields on R? and the Y;’s are vector fields on R. Let divg: and divg
be respectively the standard divergence operator on vector fields on R? and R
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(i.e., divgz (Z?Zl ai%) = Zz 1 ‘33’ and divg (a%) = d—a) Define the two flux
vectors J; € TR? and Jp € TR by

) def EZ divgz (p; (£, ) Xi)) (2) Xi(2) + py (8, 2) Xo(2), ey,
’L:1

l\D

JIp(t,x) def —5 (dive(pp(t, )Y1)) (2)Y1(x) + pp(t, ) Yo (z), x € [0, D],

for all ¢ > 0; then the PDE’s of (7)) can be written as the conservation laws

P t,0) = ~(Avesdy (1)), 7R

10) _
S (te) = —(divead) (8 )(@), @€ (0,D),
for all ¢ > 0.
We next consider more general test functions to get the boundary conditions for
p; and pp. Using the Gauss-Green theorem and ([7)), we find that
2
1

s / Dyl (5(0). Xi()) e (X255) ) )
i=1 7 *€0%

(8)  pelt)fp(D)= 5 <

+ / £,(2) (v3(2), T (6,2)) e ()
€03

1 ~ (0 s >
+ §pD(t,D) (@JG(D))TR (Y1fp)(D)

_ lpD(tO) ((%,Yl(O)) (Y1fp)(0)

2 TR
_ ) _ 0
DY —.,J.(t,D — —. J. (¢ .
+fD( )(8.137 3(7 )>T]R fD(O) (8337 3(70)>T]R
Here (-, -)7r is the standard metric on TR and v;(z) = % is the outward-

pointing normal to 3 at 2 € 93. Choosing now f € 2! which is constant in a
neighborhood of x and ® (it is easy to see that there are indeed such functions in
21), we get the fluz conditions
. 0 =
p@(t): %a']z(taD) 5
(9) T]R8
| 04300 e 00 = (513,000
€03 €z TR

for all ¢ > 0 (remember that f; |83 = fp(0)). The first equation is the natural one

stating that the flux leaving (0, D) through D enters ®. The second one states that
the flux entering (0, D) through 0 is equal to the total (i.e., integrated) flux leaving
3 (through 83). Note next that

(0 d) ()
Z T]R2 (X fﬁ)( ) ||v©(m)”T]R27 € 33;

(3 n(x))m (Vi/p)(@) = fol@)od(x), e {0.D}.
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We also expect that p; is constant on 03 (since 03 corresponds to the single point
* in 9). Using @) in ([B) and using the definition of %nnerf, we get that

pD(taD) = 07

Bt oy [ 19Dk @0 d = (01 O (1.0

The first equation signifies simply that particles are killed at D. The glueing con-
dition and the explicit formula for Gouterf (see Lemma @E) imply that nnerf =
fp(0)0%(0). Note also that the integral in the second equation is exactly T (0) of
(I5); thus the second equation implies that

gD (0)173 (ta ) |a3 =PbD (ta 0)

for all ¢ > 0. Thus the likelihood of finding a particle in I" near x is the same as the
likelihood of finding a particle in 3 near 93 times the normalizing constant T (0)
(the asymptotically normalized orbit time of the fast motion).

As a final notational convention, we set up some definitions involving differentials
of functions. If S is some subset of some RY, we say that a real-valued mapping
¢ whose domain contains S is in C*¥(S) if all partial derivatives of ¢ of order k or
less exist and are continuous at each point of the interior of S and if the limits of
all such partial derivatives exist at each point of S\ S°. If S’ C S and ¢ € C¥(S),
we define [¢[|cr(s/) as the supremum of |[D%¢(x)| over all multi-indices (see [6]) of
order k or less and all x € S’.

3. TIGHTNESS

We will prove the following result, which by Prohorov’s theorem implies tightness
of the P=T’s. Recall the metric p of (@) on M.

Proposition 3.1. For each § >0 and T > 0,

lim ,, o sup P* sup  p(Yy,Y:) >0 p =0.
e>0 0<s<t<T Ae
[s—t|<n

Thus, the P=1’s are tight in the Prohorov topology on Z2(C([0,00); M)).

We will prove this in a collection of bite-sized pieces. First, we realize that we
can restrict our calculations to s such that Y; is not too close to *; if Y has large
variation, it can’t all be too close to *.

Lemma 3.2. For each é >0,T >0, >0, andn >0,

(10) pe sup  p(Ys,Yy) > 6 p <P° sup  p(Ys,Y:) > 0/6
0<s<t<T Ae 0<s<t<TAe
[s—t|<n [s—t[<n

p(Ya,%)26/3

We could actually prove this result with §/6 on the left replaced by ¢/3; it will
be more directly useful, however, as we have stated it.
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Proof. Suppose that for a fixed 0 < s < ¢t < T Ae, we have that |s — ] < 7
and p(Y;,Y;) > d. There are two possibilities, depending on p(Ys,*). In the first
case, p(Ys,*) > 6/3 and we have that p(Y;,Y:) > § > §/3. Alternately, assume
that p(Ys, %) < /3. We can use the triangle inequality to see that p(Y;,*) >
p(Y1,Ys)—p(Ys, %) > 6—0/3 = 26/3; thus p(Ys,x) < §/3 and p(Yy, %) > 2§/3. Hence
by continuity there is an r € (s, t) such that p(Y;.,*x) = §/3. Another application of
the triangle inequality shows that p(Y;.,Y:) > p(Y, %) —p(Y,., %) > 26/3—5/3 =6/3.
This proves the result if we replace d/6 on the right-hand side of ({0) by 6/3. Since
d/3 > §/6, the stated result follows. O

Fix now § > 0 and T > 0. Let’s look at the coordinates of i(Y}), or more precisely
their variation. We want to use the restriction that p(Ys,x) > 6/3 stays away from
the singularity of i at x. Note that if 2 and y in 9 are such that p(z,*) > §/3 and
p(x,y) = §/6, then by the triangle inequality,

[i(y) = (0,0, 1)[lgs = p(y, %) = p(x, %) = p(z,y) > 6/6.
Fix a cutoff function @ € C2°(R?). We require that w(x) = 1 for all z € i(901) such

that || — (0,0,1)||gs > 26/18 and that w(xz) = 0 if ||z — (0,0,1)||gs < §/18. Let
{e1, ez, e3} be an orthonormal basis of R3, and define, for i € {1,2,3},

filx) € (i(2), e1)po w(i(z)), €M,

where (-, )gs is the standard inner product in R3. Then f; o 7 is in the domain of

£, and
t .
) AY) =A%)+ [ Lem(Xds+ M, 0<t<e
0
where M is a P°-martingale with quadratic variation

(M), d:ef/o (d(fiom)(Xs),d(fiom)(Xs))ds, ¢ >0.

We have used here the fact that £°(f; om) = Z(f; o m), which follows from the
observation that f; o 7(z) in fact depends only on H(z) whenever H(z) > 0 and
that VH(x) = 0 if € 3. For any x and y in 9 such that p(z,x) > §/3 and

p(y,*) > 0/6,

3 1/2
(12) pla,y) = {Z (filz) — ﬁ(y)f}

i=1

(since for such z and y, the f;’s are just the coordinates of i(z) and i(y)). We
want to use this and () to study the variation of ¢ — Y¥; as needed to bound
the right-hand side of ([); i.e., as long as the trajectory stays outside a p-ball of
radius §/6. For this reason, let’s decompose the f;(Y)’s into parts which vary when
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p(Y,%) > /6 and parts which vary when p(Y, ) < §/6. Define

t
i def
Abi e / L o) (X)X to(vs wyos /615,
0

t
3 def
AT = / L (fi o m)(Xs)X{p(v.,0)<5/6)dS)
0 t>0,i€{1,2,3}.

t
i def i
Mtl,i :/X{p(Y57*)>6/6}dM;7
0

M /Ot X (v, 0)<6/6 ML,
Then for any s < t <'e,
(13) FiYo) = [i(Yo) = (A" — AY)) + (47" — A2Y)
(MP M) (M M2,
Our next step is

Lemma 3.3. For each d >0, T >0,e>0 andn >0,

P sup  p(Y, Vi) > 6/6
0<s<t<TAe
[s—t|<n
p(Ys,%)>6/3

3
A A 5
< pe sup APt — AV > —
; o<s<t<Tne | s 123
- |s—t|<n
> : 5
+) P sup | M- MM > ——
; 0<s<t<Tnel s 123
- [s—t|<n

Proof. Assume that 0 < s < ¢t < T A e are such that |s — t| < n, p(Ys,*) > §/3,
and p(Ys,Y:) > §/6. We want to find an r € (s,t] such that p(Y,,Y:) = 4/6,
but p(Yy,*) > 0/6 for all s < u < r; then we can neglect the (possibly bad)
A%Ps and M?*%s in ([3). Indeed, since p(Ys,Y;) > §/6, the time r def inf{s >
t: p(Ys,Y,) = 0/6} is in (s,t] and satisfies these requirements. By ([[2) and the
calculation that p(Y;,x) > p(Ys,*) — p(Ys,Y.) > 6/3 —0/6 = §/6, we must have
that | f;(Ys) — fi(Yr)] > % for some i € {1,2,3}. We also note that for s <u < r,
p(Yu, %) > p(Yy,x) — p(Ya,Ys) > 3/3 — /6 = §/6, and hence A%? — A% = ( and
M2 — M%" = 0. Thus by (I3),

1, 1, L, L,
fl(Y;") - fz()/s) = (Av"/\e - As/\e) + (Mr/\e - Ms/\e)) .
In a straightforward manner, this now gives the result. O
We can now give the

Proof of Proposition 3.1. We note that z — Z(fi o 7)(2)X{p(ja],#)>s/6} and T —
(d(fiom)(x),d(fi om)(x)) X{p([z],%)>6/6} are bounded functions on R?.  Standard
calculations involving Lemmas and give the result. O
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FIGURE 3. Cutoff Functions

4. THE MARTINGALE PROBLEM
We now know that the P*-laws of {Y;; ¢t > 0} are tight. We next need to show

Proposition 4.1. Let Pt € 2(C([0,00);M)) be a cluster point of the P=T’s. Let
E' be the associated expectation operator. Then (B) holds; in other words, any
cluster point of the P=1’s satisfies the martingale problem associated with £1.

Here we will gather together the ideas leading to this result, but many of the
harder parts will be proved in the next several sections.

Our starting point is clearly Definition [2.10] so we should try to connect elements
of 21 back to elements of C2(R?). Fix an f € #T. Then

(14) (fom)(z) = f(2)x;(2) + fo(D(x))xse(x),  w€S.

We want to use this representation to approximate f o7 by an element of C?(R?).
We will do this in two steps. First, we want to smooth off the indicator functions
by smooth functions. This will in turn force us to slightly extend the definitions
of fp and f |3 (in fact, we will only use the extension of f |3; we will develop both
extensions in the interest of symmetry). Central to these approximations will be
some exponents.

Definition 4.2 (Smoothing exponents). Fix

2 . L2
1 1% —_——.
n+1 ° T(n+1)

Our choice of v comes from Proposition Our choice of v/ comes from the
calculations of Section [7] and Section M (see also the footnotes in the paper). We
will smooth off the indicator functions in (Id]) by a factor of £”, and we will in a
way smooth off f‘a and fp by a factor of e’

We begin our approximation procedure by first fixing a cutoff function to replace
the indicator functions.

Definition 4.3 (Cutoff function). Fix ¢ € C*°(R; [0, 1]) such that ((z) =1if x >
2and ¢(z) =0if x <1.

See Figure[3. We will replace the indicator x; in (I4) with {(D/e"). Next, we
will approximate f| and fp. As a preliminary, we should better understand the
regularity of f itself, particularly near x. Although Definition ZT0 ensures that f is
C? on both 3° and T, this does not immediately enforce any regularity near x. Our
salvation is that we also know that .Z f is continuous, so we can use PDE theory to
study the regularity of f near x. This is fairly easy to do on the one-dimensional
manifold I, but it requires some more advanced PDE machinery, which we shall
extract from [6], on 3.
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. € H%(3°) and fp € C*([0, D).

, in a PDE-based way.
Lemma 4.5. Fiz an open set Z; C R? which contains 3. There is a sequence
(f;; e > 0) of elements of C’Z(Z1) such that:
. f;(x) = f(x) for all x € 93 and € > 0.
lim. ¢ ||Ji36 — flla2 o) = 0.
lime—o [ f; = flle) = 0.
li_mg_,o ||-$f;~— ngHC(z) =
limeé()&k”/Hf;”C’“(Zl) < oo forallk <T.

Proof. See Section [3. O

We next carry out the analogous extension of f ‘F (using the additional structure
that fom = fpo® on S\ 3). This will be done in a way parallel to that of Lemma
(even though a slightly stronger result is actually true).

Lemma 4.6. Fiz an open interval Za C R which contains [0, D]. There is a se-
quence (f&; € > 0) of elements of C!(Z3) such that:

o f2(0) = f(x) for all e > 0.

e lim.o ||/ — fpller(o,np) = 0-

o lime o [| L ff — (LT )bpllc(o,n) =0

o ﬁeﬂoak”lﬂffﬂck(z,ﬁ) < oo forallk <7.

Proof. See Section [. O

We can now define our approximate test function.
Definition 4.7 (Approximate test function). For & > 0, define

fi(@) € i (@)
for all z € R? and define
o) = F@){1 = (@) /e")} + Fr@)¢(D(x)/e")

for all € R2.

Of course one of the things which is important to us is
Lemma 4.8. We have that

lim sup |f*(z) — f(m(x))| = 0.

e~V zeS

Proof. Fairly obvious. O

The existence of the appropriate derivatives of f; and ff ensure that fe € C%(R?)
for each £ > 0.

Proposition 4.9. For each € > 0, we have that

L (x) = +ZG€ )+ K°(z), a€R?
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where
L¥(2) Z {1 - (D (2) /)LD (@) + (D () /) (L f7) (),
Giw) &~ {(af,a0) () - (af, D) (1)} {(@ () /"),
Gae) &~ (T ) — o)} (a0, d9) ()@ () /<),
G5(x) E e 2 (VH, V) ppa (2){1 — ((D(x) /"))
Ko@) Y - o) - few) (@) /=) (£9) (@)
for all z €S.
Proof. A straightforward calculation. O

Recall that our goal is to show that PT satisfies (B). Let’s indicate how we get
there in a number of steps. The hard work will be done in the next several sections.
First, we claim that the limit of the L® term is the desired generator.

Proposition 4.10. Fizt > 0. Then
tAe
e[| [ 50 - (2 oy | <o

Proof. Given in Section [ O

We next claim that the effect of the G5’s is negligible; the proof shows that this
is true for i € {1,2} exactly because of the glueing conditions.

Proposition 4.11. Fiz times 0 < r; <713 < --- <1 < 5 <t and test functions
{¢j; 5 =1,2...n} C Cy(R?). Then

tAe n
lim E° G5 (Xuw)du [ ] @i (X0,) | =0
e—0 sAe =1 !
forie {1,2,3}.
Proof. Lemmas[7.1] and O

We thirdly claim that K¢ is negligible; the main idea is that X does not spend
too much time near 9.
Fo
0

Proof. Given in Section [1l O
The combination of Propositions B.10H4.12] is
Proposition 4.13. Fiz f € 21 andt > 0. Then

i | [ {2 ) - (2o bas| <o

e—0

Proof. Obvious. O

Proposition 4.12. Fizt > 0. Then
tAe

K*®(X;)ds

e—0

lim E€ [

We also can give the



A PROCESS ON A WHISKERED SPHERE 871

Proof of Proposition[4.]. Combine Lemma HEE and Proposition with the
stopped martingale problem of Definition 23l We note that by the definition of 2*
(viz., that (ZTf)(®) = 0),

[ nomas= [Tzt
0 0
We also note that PT{X} = [zo]} > im0 P{Yy = [2,]} = 1. 0

5. RESIDENCE TIME

Here we show that X does not spend too much time (under P¢) near 93. We will
directly use this to prove Proposition EET2. It will also help us prove Propositions
ET0 and (111

Proposition 5.1. Fizt > 0. Then

o tAe 1
lim . 5_oE® [/ 5X1-5.4] (D(Xs))ds| < oo.
0

Proof. Define

d
e 1
us(d) d:f/ (d— S)SX[_M] (s)ds, d e R,
s=0

then

.. 1
iis(d) = $X1-54] (d)

for all d € R and there is a C; > 0 such that
us(d)] <C1 - and  Jas(d)] < Gy

for all d € [-D, D] and all 0 < § < 1. The martingale problem tells us that for
0<t<e,

us(D(X1)) = us(D(Xo)) + / i5(D(X.)) L D(X,)ds

+%/0 %X[—m(@(Xs)) (dD(X,),dD(X,)) ds + N,

where N is a P°-martingale. Recalling now the neighborhood N defined in (@), we

set
det 1, def
Ce = = inf (dD(x),dD(z)) >0 and  C3 = 2sup |.ZD(z)| < .
2 zeN zeN

EdS

We thus have that for 0 < ¢ < e and § < min{s, 1},

t
1
201 = us(D(X4)) — us(D(Xo)) = —C1Cst + Cz/ 5X1-6,0(D(Xs))ds + Ny,
0

and this easily implies the result. [l

6. STOCHASTIC AVERAGING

Our goal here is to prove the basic results of stochastic averaging. First, we will
average away from 03, and then we will average in a boundary layer near 03.
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6.1. Averaging Slightly Away from the Boundary. Here we will prove an
averaging result for functions whose support is slightly away from 3. In order to do
so, we use the specific structure of H (given in Assumption [Z4]) to ensure that the
averaging calculations, when written in terms of @, are regular near 93. This will
also play a role in our later considerations of averaging at 03.

To begin, define the flow
- D = D
g, () =VD(g; (z)),
;() (g; (z)) 1502 € R,
90 (.13):.13,

then by @), g:(z) = gfgn,l(x)t(a:) for all z € S\ 3 and all t € R, where g is as in
B). Define also T : (=, D] — R by

L@ (x)) = inf{t > 0: gP(z) = z}

(15) - / IVD ()17 (dy)
yeD—1(x)

for each z € S such that D(z) > —3; it is easy to see that 7D s indeed well-defined
and finite on (—s, D]. For any ¢ € B(S), define AP¢ € B((—3, D]) by

(16) (AP9)(O0) = s | OO P s
DB Jy ;

for all z € S such that D () > — (again, it is easy to see that AP ¢ is well-defined).
We note that if ¢ € B(S), then ¢ is in the domain of A° and

(17) (AP9)(D(2)) = (A°9)([2])
for z € S\ 3. Finally, define

(18) by(9) € max{0,0}7, ¥ ER,

then H = b, (D) and we can rewrite ) as VH = nb,_1(D)VD.
Our first averaging result is

Lemma 6.1. Let w € C°(R) be such that suppw C (0,00). Fiz p > 0. Then
there is a constant C > 0 such that for any ¢ € C?(S),

© { / e {6(Xs) = (A°9)([X])} w(D(X,)/eP)ds
0

for all e > 0.

} < 2P0 VC + 8)||6llengey

Proof. Define

TP(D(2)
(19) o)y [ sl )as

for all z € S such that D(z) > —s. Then

TP (D (z))+t
*(a? () * o [ (5~ )66 (x))ds

for all such z. Differentiating this with respect to ¢, we see that

(20) (VD®)(z) = ¢(z) — (A7 ¢)(D(x))
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for all z € S such that D(z) > —s. Set next

1 p
m‘b@)w(@(ﬂ?)k )

for all x € S; it is easy to see that this is well-defined on all of R? (since suppw C
(0,00)). Then (using ) and (7))

(VH®")(2) = {¢(z) - (A°9)([a])} w(D(2)/e?),  z €S,

Some simple calculations (which use the fact that the support of @ is strictly
contained in (0,00)) ensure that there is a constant C > 0 such that

(21) 195l c2(8) < CeP ) |18]| 2 s
The martingale problem thus tells us that

& () &

/0 (00X — (A)([X)} (D(X)/e)ds = 2 {5 (Xine) - 8(Xo))

tAe B
e / (L3 (X.)ds — E2Myn,
0

where M is a P°-martingale with quadratic variation

t
(M), :/ <d<1>5,d<1>5> (X,)ds, 0<t<e.
0
Using (21), we get the stated result. O

6.2. Stochastic Averaging Near the Boundary. We next need to carry the
idea of stochastic averaging in to 03.

Proposition 6.2. Fiz w € C°(R). Fiz times 0 <11 <rp <--- <71y <5<t and
test functions {p;; j = 1,2...n} C Cy(R?). Then there is a C > 0 such that for
any ¢ € CA(R?),

(22)
e 2 |E® / ebn(@()(u))w(@ {o(X.) — (APg) (X }duHapJ )

<C(1+ t)£”|\¢||c4(m2)
for all € > 0, where b, is as in ([IT).

Remark 6.3. Note that if D(z) is on order £, then £~ 2b,(D(z)) is only of order
e~2tvn The residence-time result of Proposition [5.1] thus would only give us that
for some C > 1

(23)

e 2 |E® / ebn(@()(u))w(@ {o(X.) — (APg) (X }duHapJ )

tAe

< Ollélloe " E? [ / (06,2 du]

S 025724*1/77,4*1/ _ 02 v(n+1l)— 02
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(remember from Definition that v = 2/(n+ 1)). The point of Proposition
is that averaging gives us just a bit more, namely an extra power of .

Remark 6.4 (PDE for Glueing Condition). We note that the absolute value signs
in (22)) are outside the expectation (whereas in Lemma [E1] they were inside). This
reflects the fact that this result is essentially a martingale result. To see this, define

G (2) ¥ e b (D(2) @ (D(@)/e") {$(a) — (AP@)(@)}, €S
Suppose that for each € > 0, we can find ¥¢ € C?(R?) such that
(24) LU~ GE
on S. Suppose furthermore that
lim e™7[[ ¥ [cs) < oo
Then the martingale problem tells us that

tAe tAe

G2 (Xo)du ~ / (£50°)(X)du

= {U(Xine) = U (Xone)} + Mine — Mope = Mipne — M.
where M is a P*-martingale. By optional sampling, we then have that
EE[(Mt/\e - Ms/\e)ly\s] =0,
which would then finish the proof. Our honest technical goal is consequently to
approximately solve the PDE (24) with sufficient accuracy. We note that the op-

erator €2.Z° has an order-one drift and a small diffusive term. Thus, we have a
singular perturbation problem.

sAe

Central to our arguments will be some Khasminskii coordinates. First, let C be
a curve in NV which crosses all of the D71(d)’s in N transversally. To be specific
about this, fix * € 93, and let

def

100 < g, 0)
for all t € (—s¢,5), where {¢ ;¢ € R} satisfies (4€]) (thus D(y(t)) = —¢ for all
t € (—s,)). Set C d:ef'y(—%, »); then

N={gP(x): z€C, 0<t<TPD())}
For each x € C, define

(sl (x)) = / (@D, dD) (g (x))ds

for all 0 <t < TP (D(x)). For each d € (—5, »), define

a(d) ¥ sup{©(z) : D(z) = d}

d®,d®
zen-1(d) VD ()| 7w>
It is clear from the second representation that a is C* on (—s, ») and that

inf_,.c4<;ca(d) > 0. Then the map =z — (O(z),D(z)) is a homeomorphism from
N to {(0,d) e R?: —sx<d < 5,0<0<ald}. Itis also clear that

(25) (VD,VO)rg:(z) = (dD,dD) (v)
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for all z € N\ C. This will be crucial; informally, it means that equal increments
of © correspond to equal amounts of diffusion across 03.

Let’s now get back to the issues raised by Remark B4l Instead of deductively
identifying how to find the W€ described there, we will develop the answer. The
reasoning leading to the answer may be easily identified by reading our arguments
backwards.

First, define ® as in ([9). Let’s convert ® to Khasminskii coordinates. There is
a ® € C*(R x R) such that

d(x) = (0(z), D(z)), rzelN,
d(0+ a(d),d) = ®0,d), HcR, |d <
The combination of (20) and (25) imply that

_ o2
-0

(26)

¢(z) — (AP¢)(z) = (VDP)(x)
for all z € N\ C and thus that

(O(z),D(2)) (dD,dD) ()

6*() ==, (D(0) Gy O() D)= 24 ) (49.49) (0

bl/u(g(x))

0P

=, (’D(x))% (O(z),D(x))w (

) (dD,dD) (z)

for z € N'\ C, where

&(d) ¥ w(d)d

for all d € R. We write by,(d) as b,—1(d)d in deference to the fact that VH =
nb,—1VD. We prove the following result in Section [TUl

Proposition 6.5. There is a ¥ € C*(R x R such that
(0 + a(0),d) = T(0,d),

oU (n+1)2 920 n? —100 _0d 5
”@(H,d) t—3 W(ead) + W%((%d) = %(eao)w(d)
for all (6,d) € R x (0,00) and
v

for all § € R and such that for some C > 0 (not depending on ®)
D250, d)| < Cll®cacax ope
for all (6,d) € R x (0,00) and for any multi-index o of degree 2 or less,
Proof. Given in Section [I0. O

Note the d in the denominator of the third term on the left-hand side of the
PDE for ¥. Note also that by (I9) and (26) there is a constant C' > 0 which does
not depend on ¢ such that

[@]lca@x o) < Clldllcswy-
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Define

for all z € A/. We have

Lemma 6.6. Let U be as in Proposition and define

bl/y@(w))> 7

- ()| <

e (z) ¥ ey (@O(x),

for all x € N'. Then for each & > 0,
i) ¥¢ e CL(N),
ii) ¥¢ is C% on N\ (03 UC),

iil) Ze¥e(x) aef limyej\/g\?éuc) LU (y) exists for all x € 03 UC.

Furthermore there is a constant C > 0 such that
|(£79)(2) = G*(@)| < Cllllos iy exp [~C7H D (@) /],
27) @V, d¥) (2) < Cllgllcs vy exp |[~C D (@)1 e]
(W5 (2)] < Ce”[dllesn
for allz e N'\ (03 UC) and € > 0.
The definition of W€ can more explicitly be given as

- YU (0°(z),0) if —2 < D(x) <0,
@ =1 (@O(x), M) if 0 <D(x) < s

Proof of LemmalGBl Clearly ¢ is C* on N\ (93UC). In view of the continuity of
b1/, and the periodicity of @, it is fairly easy to see that ¥ has a limit at each point
of 93 UC, so ¢ is continuous on all of N. We next need to show that all first-order
derivatives tend to a limit at each point of 93 UC. Note that VD(z) and VD (x)
span all of T,R? for each x € N. From the periodicity and boundary conditions
of U, we also see that VDU and VDU both have limits at each point of d3 UC;
thus ¥¢ € C*(N) (note that by, is differentiable since 1/v —1 = (n —1)/2 > 0).
Thus claims i) and ii) are true. Next, let’s compute .Z°¥<. We see that

a(0) U

(28) (Z7W)(a) = ne" a1 (Dw) s T (VDO) (@)
v g 0*v
+ ¢ bl/y_l(@(x)zw (dD, dD) (2)
n wgu—lbuyd(@@))% (dD,dD) (z) + If (z) + I5 ()

a(0) OV (n+1)20%V
a(D(z)) 00 8  0d®

= "2, 1(D(2)) (dD, dD) (z) {n

n2—1 (b, @)\ " od
. 81( /<§>< >>) g_g}+1;<x>+1;<x>
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for all z € N\ (93 UC), where

10V 02U
394 22+ 55

I(z) € ey 1 (D(2)) { (dO°, dD) (m)} ,

(29)

I5(z) ¥ev {‘Z—‘g(z@ﬂ@) + %(27\5 (d©°,dO°) (x)} ,

where in both @8) and @), ¥ and its various derivatives are all evaluated at
(©°(x), b1/, (D(x))/e). Thus

(Z70%)(2) = C*(2) + ) I (x)
i=1

for all z € N\ (93 UC), where

< def 2 a(0) — a(D(z)) @ o bl/l,(@(x))
I5(x) = " %bp_1(D(2)) (dD, dD) (m)n—a(@(x)) 50 0°(x), — )
e def ,,_9 ai) o
Ii(z) = " bn-1(D(2)) {dD, dD) (z) | 57(6°(2),0)
({)(i ~ bl/ll(@(x))
—W@(m,@(m))} o (22
for all z € A\ (93UC). From this we clearly see that lim  y—z  Z°WUS(y) exists
) YEN\(D300)
for all z € 93 UC (the fact that ¥ is C? at R x {0} ensures that I and I5 tend to

zero at 03).
In light of the exponential decay of Proposition [6.5] we next see that there is a
C > 0 such that for all z € N\ (93 UC),

15 (@) < Ce e/ || sy exp [~C D ()] /]
= Clléllcs v exp | -C7H (@) fe]
[I5(2)] < C=" [ dllcson exp |[~C D ()| /2]

for all ¢ > 0. Similarly, we see that there is a constant C' > 0 such that for all
ze N\ (03UC0),

I (@)] < C"2bu(D(@))]| 8]l ) exp | ~C D () [/ ]
< CgV—2+unH¢||C4(N) exp {_C_1|©(37)|1/V/5}

< Cllllcsny exp [~C 1 D()] /]

for i € {3,4} and £ > 0. This gives us the first bound of (Z7]).
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To get the second bound of ([Z7), we compute that

N 2
v
(dO¢, dV°) (z) = ¥ (%) (dO°,dO°) (x)
AW
+ v, (D) <%> (dD, dD) (z)
oV o

(x)) 90 od (
where, as usual, ¥ and its various derivatives are all evaluated at (©°(x), by w(®D(x))
/€). Again using the exponential decay Proposition [6.5, we see that there is a
constant C' > 0 such that

+ 201"y (D de°,dD) (z)

- 2
(%‘;’) (0°(2), b1, (D())/) (d6°, dO°) (x)

< C€2VH¢||%4(N) exp [_Cil|@(x)|1/y/€} )

v, 4 (D(2)) (%) (©°(2), b1/, (D(2))/2) (dD, dD) (x)

< 0521/—2+2u(1/l/—1)||¢H%4(N) exp {—C—1|®(x)|1/l//€}
< CllEgu exp [~C D (@) fe]

21" by ), 1 (D(x)) (%—‘;’ %‘2’) (©°(x), b1/, (D(w)) /) (dO°, dD) ()

< Cer D 9] 2, ) exp [~C 7 D) /2

< Cllglza exp [-CTH R @) /e
for all € > 0. This gives us the second bound; the third is clear. [l

Let’s now return to the proof of Proposition We would like to apply the
martingale problem to W¢. There are two remaining obstacles. First, ¢ is defined
on N rather than all of R?, and second it is not even C? on N (the second derivatives
may have discontinuities on d3 U C). The following approximation result tells us
that the continuity of W€ is in fact sufficient.

Lemma 6.7. Suppose that ¥ € C*(R?) and that W is C? on R?\ (03UC). Suppose

also that lim  y—z  L°U(y) exists for allz € 3UC. Fix 0 <r; <rg <--- <
z€R?\(83UC)

rn <s<tand{pj;j=1,2...n} C Cy(R?). Then for every e > 0,
tAe

E° {\I/(Xm) — U(Xsne) — /

s/Ae

wwxxu)du} [[e%.)| =0

Proof. Mollify W. O

We now can give the
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Proof of Proposition[6.4. Let’s cut off ¢ near the edges of . To do so, let n €
C(R; [0, 1]) be such that n(u) = 0 if |u| > 2s¢/3 and n(u) =1 if Ju| < 5/3. Set

b () (@ () Ve ()

for all z € S. Then we have that ¥¢ € C*(R2), ¥¢ is C2 on R?\ (93 UC), and

lim y—z  Z°U%(y) exists for all z € §3 UC. Furthermore, we can compute
L y€ER?\(83UC)
that

(L90°)(@) - G () = n(D(a)) {(£°0)(2) - G*(w))
+ (0[O (D)) + 5iD() (09, d9) (1)
+i(D(2)) (40, dD) ()
for all z € R?\ (93 UC). Hence there is a C' > 0 such that
L (2) — Gs(m)‘
< Cllgllos iy { + exp |[=CTH D@ /e] Xipesa 250/5(D (@) |

< Cllgllcsn {e* +exp [-C71(/3)/7 [e] }

foralle > 0 and z € A\ (93 UC). We now use Lemmal6.7 and the ideas of Remark
6.4 We see that there is a C' > 0 (which does not depend on ¢) such that

tAe n
E G*(Xu)du [ | ¢;(X0,)
sAe :
tAe
< COllollosre) {z—:" + E° [/ {5” + e—C’l/f} du] }
sAe
for all € > 0. This proves the result. O

7. PROOF OF MAIN STEPS
Let’s first prove Proposition @12
Proof of Proposition [f.13. Define

def T Fe
wk@ s |fi() - i)
e’ S’}D;C(EQSSQE”

< s {If@ - S0+ 1EEE) - 0]}

€S
e’ <D (x)<2e"”

We now use the bounds on the derivatives of fz and fF g1ven in Lemmas .5 and

8. We find that for some constant C' > 0, wg(¢) < Ce’~ v for all £ > 0. Thusl
lim. .o wk () = 0 and hence for some constant C' > 0,

[/ Ke(X S}SCWK(@EE{/OMQLXM](( s)/e”)d }7

1 _
We use here the fact that v/ < v = o
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(@) 1-¢D/e

1
7
7%,
v 2e?

G/t G(@fer) o (D/er)

»' .

—2eP  —gP 51; ----- 2 ;:-p

FIGURE 4. Cutoff Functions for Proof of Proposition EET0]

which, by Proposition[5]], gives the desired result. O

Next, we give the

Proof of Proposition [{.10. Let ¢;, (. and {r be a partition of unity such that
supp¢; C (—o0,—1), supp (e C (—2,2), and supp(r C (1,00). Fix next p such
that

92— 4/
(30) 2/ <p<min{y,7y};
n+1

our choice of v and ' ensure that we can do thisﬁ. Keep in mind the statements
of Lemmas[4.5 and See also Figure A
Step 1. Since eP > ¥, we havd? that

L¥ ()¢ (D(@) [eP) = (L[5 ()6 (D(x) /")

for all z € S. Thus since the support of (;(D/eP) is contained in 3°,
tAe

1) T || [ {200 - (21 )} @0/
<Tim.ollZf* = £ fllce) =0,

Step 2. Tt is clear that

supe?”’ sup |LE(x)| < oo.
e>0 z€S
—2eP <D (x)<2e?

2 In order for such a p to exist, we need that
, . v 1 1
rv<mmny—,—— = ——.
2 n+3 n+3

3 We use here the fact that p < v.
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|

tAe
é m6~>06‘5—2y/ﬂ3‘S |:/ X[—Q,Q] (Q(Xs)/gp)d8:| =0
0

Thus there is a C > 0 such that
tAe

B2) T || [ 2900 - (£1) (0} G R()/27)as

o , tAe 1
S lim 6%0051)721) E® |:/ _X[—Q,Q] (@(XS)/Ep)dS] = 07
0

eb

the last equality following from our choicdd of p.
Step 3. Note next that by Lemma there is a constant C' > 0 such that

12 fell o2y < Ce™™

for all € > 0 (note that we are taking the C? norm of .Z fg). Thus by Lemma
there is a C' > 0 such that
tAe ]

(33) E[ [LE(X0) = (£11) (Vo)) G (D(X,) /e ds

< 2P g e o folleqo.n)-

By our choice of p, this last term tends to zerd. Combining @I)), (2) and (B3),
we have the desired result. g

0

Now let’s prove the part of Proposition £11] corresponding to G§ and GS.

Lemma 7.1. Fiz times 0 < r; < ro < +-- < 1, < 8 < t and test functions
{pj;i=1,2...n} C Cy(R?). Then fori € {1,2},

n
lim E° / G5 (Xu)du [ ¢i(Xs,)
j=1
Proof. For each £ > 0, let ¢ and ¢§ in C*(R?) be such that

¢i(a) = (df;,dD) (2) - (dff,dD) (=),

(34) ) Tl
i) 2 BT 4 1) o

for all x € S such that ¥ < D(x) < 2¢¥. Lemmas[0.8 and [1.9] give us a C' > 0 such
that

165l cags) < Ce™°
for i € {1,2} and € > 0. Let’s also deﬁne

o L)
o (9) B -2
| ?w) Ve
w2(19)d:ef_219n_1a

4We use here that p > 2u/.
5 We use here that 2 — 41’ —p(n+1) > 0. The combination of this and footnotes [l and B gives

B0).
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and observe that for all z € S
—e{(D(x)/e") = e @ (D(z)/e" )b (D (),

—%6_2"@(96)4(9(96)/5") = e 2wy(D(2)/e")bn(D(2))
and thus
Gi(x) = e w1 (D(x)/e")bn(D(2))¢5 (2),
G5(2) = e w2 (D(2) /)b (D(2)) 95 ().
Thus, by Proposition [6.2] and the triangle inequality, there is a C > 0 such that

tAe

(35) |E° < O(1 + 1)~

G5 (Xy)du H Pj (XTJ)
j=1

sAe

Ne

+e 2 |E° {/ ebn(@(Xu))IWi(@(Xu)/é”)(AD¢5)(@(X5))ICZUH%‘(er)

J=1

for € > 0 and i € {1,2}. Now define

def -
(36) wie) = sup  [(AP¢5)(d)];
eV <d<2eV”
Lemmas and in Section [ ensure that (due to the glueing conditions)
(37) 1ir% wi(e) =0

for 7 € {1,2}. Thus by calculations similar to that of (23]), we get that there is a
constant C' > 0 such that

e ? |E° / ebn(i)(Xu))Iwz-(Q(Xu)/f”)(A%f)(@(XZ))IduHst(er)

sNe

j=1
< Cw;(e).
Combine this, B5) and (B7) to get the stated result; we here use our choicdd of v
and /. O
Finally, we prove the result for G%.
Lemma 7.2. Fiz times 0 < 11 < 19 < - < 1, < § < t, and test functions

{¢j; 5 =1,2...n} C Cy(R?). Then
tAe

lim E° G5(X,,)du H @i (Xr;)| =0.
Jj=1

=0 sAe

Proof. Note first that

AP(VD, V) e = 0.
Lemma [0.10] tells us that we can find a ¢§ € C*(R?) such that
(38) (VD, YV f})rez (v) = D(w)d5 ()

6 We need here that v/ < 5= S(n—1+1)
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for all z € NV and such that AP¢5 = 0. Furthermore, it gives us a C' > 0 such that
l85llcany < Ce™™ for all € > 0. Define
@) En{l— (W)}, VeER,
then we can write
G5(x) = €2bn(D(2)) 45 (2)w3(D() /")
for all z € S. By Proposition and our choice of v and V’EI, we thus get the
result. |

8. UNIQUENESS

The only remaining issue is uniqueness; we would like to know that there is only
one limit point of the P*1’s. We shall prove

Proposition 8.1. The operator £t generates a strongly continuous, positive, con-
traction semigroup on C(9M).

As usual, we endow C(91) with the topology generated by the || - [|¢(on) norm.
According to [5, Theorem 4.2.2], we need to prove three things: that 27 is dense
in C(M), that £ satisfies the positive maximum principle, and that the range of
A — Z1is dense in C(M) for some A > 0. We begin with

Lemma 8.2. The set 2% is dense in C(9N).

Proof. Fix f € C(9). We will first kill the variation of f near x and ®. Let
¢ € C*(R) be nonnegative, have support in [—1,1], and be such that {(J) = 1
when |9] < 1/2. For each n, define

fallz]) = F([2){1 = (D)) ~ C(n(D(z) - D))}
+ fCnD(2)) + f(@)(n(D(z) - D)), zeS.
It is easy to see that
(39) Jim [ fn = flloem = 0.
For each n, now let f; € C°°(3° UT') be such that
sup [ ([2]) = fal2])] <

€S
|D(2)|>1/(2n)
|D(x)—D[>1/(2n)

1
n

(the f/’s can be constructed via standard mollification procedures). Define

Fallz]) € () {1 — ¢(nD(x)) — ((n(D(x) — D))}
+ f(RC(nD (@) + F(®)C(n(D(z) — D)), =z €S,
then

nhjrolo ”.fn - ]EnHC(QJI) =0.

7 We use here that

l/<z: 2 .
7 T(n+1)
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This and (B9) imply that
lim | f, — flleen =0.
n—oo

Each of the f,,’s is in C°°(3° UT) and each of them is constant in a small neighbor-
hood of x and ®; they are thus clearly in 2%. |

The next step is to verify that £ satisfies the positive maximum principle.

Lemma 8.3. The operator £ satisfies the positive mazimum principle; i.e., for
f € 9" and x* € M such that sup,con f(z) = f(z*) > 0, we have that (L1 f)(z*) <
0.

Proof. If z* = ®, then by definition of 2T, (£ f)(z*) = 0. Assume next that
x* € 3°UT. Since .Z1 is local and can be represented by a strongly elliptic operator
on 3° and T, we must here too have that (Zff)(z*) < 0. Finally, assume that
x* = *. By assumption that f attains its maximum at x* = %, we have that
Ginmerf > 0 and Youterf < 0 (use Lemmas B4l and for Y,uterf and use Lemma
for Gnner); hence Ginner f = Youter/ = 0 and thus (using Lemma [0.5) fD(O) =
Gouter f/05(0) = 0. Since we have assumed that x is a local maximum of f and
fp € C?([0, D)) (Lemma[Z4), we thus have that f5(0) < 0. Finally, we have that

(£1 1)) = i (Zp 0)(d) = 565(0)o(0) + bp(0)7p(0) < 0.

This completes the proof. O

= lim
dN\0

Finally, we prove
Lemma 8.4. The range of A\ — £ is dense in C(IM) for some X > 0.
Proof. Tt suffices to fix a ¢ € C°(9M) and a A > 0 and find an f € 2 such that
(40) (LTf)(@) = M (2) = p(z),  z €M

We separately consider several PDE’s on 3° (a domain in R?) and on I' (diffeomor-
phic to (0,1)). Let f; and g; be weak solutions of the PDE’s

ZLf;—Afy=¢ onj3°,
f; =0 on 03
and
Zg;—Ag; =0 onj3°,
g; =1 on 03,
and let fr, g.,r, and gg,r be weak solutions of the PDE’s
Zfr—Mr=¢p on(0,D),
fr(0) =0,
fr(D) =0,
and
Zger —Agxr =0 on (0,D),
9,1 (0) =1,

g*,F(D) =0,
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and
Zger —Age,r =0 on (0,D),
g@,F(O) = 0;

9®,F(D) =1

By standard results [6l Theorem 6.2.5], all of these PDE’s have solutions (to directly
apply the results of [6, Theorem 6.2.5], one may first subtract off smooth functions
which satisfy the boundary data); furthermore, by standard smoothness results [6]
Theorem 6.3.6], these solutions are infinitely smooth. We will find a solution f of

EQ) of the form

i fi(@) + Cig; () if x € 3°,
f(z]) = < Oy if x € 03,
fr®@)) + Cgor(®@) + Coger(®@) ifreS\;
for some choice of U, and Cg. First, note that fe C(91) no matter what the
choice of C, and Cg. Secon@ly, f € C?(3°UT), and by virtue of the above PDE’s

and the continuity of ¢ and f, we know that Z(fon) € Za (unravel the notation).
Thirdly, we calculate that

(Zpfp)(D) =Ap(D)+¢p(D) = ACq + op(D);

to ensure that lim [, (.favef> ([z]) = 0, we thus need that Cg = _<PDT(D).
[z]ez°uT
Finally, the glueing conditions require that
D
ginnerfg + C*ginnergg = gouterfl—‘ + C*gouterg*,l" - @D}(\ )gouterg(%,l"-

Thus we want to take

D
gouterfl“ - ¢D)E )gouterg(%,l" - ginnerfg
ginnergz - gouterg*,l“

(41) C, =

)

but we need to make sure that %innerg; 7# Youtergs,r- To do so, consider the function
g;(x) if x € 3°,
g([z]) =<1 if z € 03,
gor(®() ifzeS\;
If Ginnerg; = Youtergs,r, then we have constructed a nonzero element of 271 such

that Ztg — A\g = 0 (it is easily checked that g € Z%). Since £ obeys the positive
maximum principle, it is dissipative [5| Lemma 4.2.1], and so

0=1[£Tg — Agllcen) = Alglleam).

so in fact g = 0. Thus we cannot have that %nnerg; = Youtergs,r, s0 (@I makes
sense. [l
We have

Proof of Proposition[81. Use the above results and [5] Theorem 4.2.2]. |
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9. BEHAVIOR OF TEST FUNCTIONS

Here we prove various results about the test function f (which is assumed to
be in #'). We also prove the approximation results of Lemmas and E6 and
give some relevant results about these approximations. Thirdly, we prove various
necessary results about the glueing operators %yner and %outer- This section will
rely fairly heavily upon some classical PDE theory, for which we refer the reader
to [6]. The harder part of our analysis will be on the 2-dimensional domain 3°; in
interest of keeping our arguments as parallel as possible, we will frame our simpler
1-dimensional analysis on [0, D] in the analogous ways.

We begin with a standard result.

Lemma 9.1. Fiz g € C(3) and a constant x € R. Then there is a unique solution
ugx € H2(3°) N C(3) of the PDE
Lug,. =g n3°,
(42) 9 3
Ug =K on 03.

Fix next a nonnegative integer k > 0. If g € C*(3), then ug,, € C*(3), and there is
a constant Cy > 0 such that

gl ga2soy < Cr {llgllcr ey + 161}
lug.xllcriy < Cr {llgllcr) + 151}
for all g € C*(3) and K € R.

(43)

Proof. Step 1. We first of all claim that there is a unique u € Hga (3°) which weakly
satisfies the PDE
Lu=g in3°,
(44) g 3
u=0 on 0;.
To do so, we use a standard application of the Fredholm alternative. Assume that
we have a weak solution v € Hi(3°) of the PDE

ZLv=0 in3°,
v=0 on 03.

Since 3 and the coefficients of £ are all C*°, then [6, Theorem 6.3.6] v € C°(3).
Thus, by the maximum principle [0, Theorem 6.4.1], we know that v = 0. Hence,
by the Fredholm alternative [6, Theorem 6.2.4] (and since g € C(3) C L%(3)) a
unique weak solution of (4] exists.

Step 2. By standard regularity calculations [6] Theorem 6.3.4], we then have
that in fact « € H?(3°) and hence by standard Sobolev theory [6, Theorem 5.6.6]
that u € C(3).

Step 3. Define now ug o + k. Clearly this satisfies the stated PDE. To

show uniqueness, let u}, , € H?(3°) NC(3) be any other solution of (@2), and define
o % Uy o —Ug 0N 3. Then £0 = 0 in 3°, and thus @ € C*°(3°) [6} Theorem 6.3.3].
Since uy, . € C(3), we also have that @ € C(3). Thus, by the maximum principle [6]
Theorem 6.4.1], we know that in fact @ = 0.

Step 4. Assume now that g € C*(3). Then g € H*(3°) and by standard regularity
calculations [6, Theorems 5.6.6 and 6.3.5] we then have that in fact u € H*+2(3°) C

C*(3), and furthermore that there is a constant Cj, > 0 such that ([@3) holds. O
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Similarly, we have

Lemma 9.2. Fiz g € C([0,D]) and two constants k1 and kg in R. Then there is
a unique solution ug ., x, € C*([0, D)) of the PDE

LDUgry e =g 0 (0, D),
Ug,k1,k2 (0) = K1,
Ug,k1,k2 (D) = R2.

Fiz next a nonnegative integer k > 0. If g € C*(]0, D)), then we have that ug s, «, €
Ck*1([0, D)), and there is a constant Cy > 0 such that

12g,m1,m I cn+1((0,0)) < Ch {H9||ck([o,D]) + [m1| + |mal}
for all g € C*([0, D)) and k1 and k2 in R.
Proof. We can explicitly compute things here. Define
d
e b
I(d) <2 / D(5) 4
0 op(s)

for all d € [0, D] and note that I € C°°([0, D]). Define

e~ 1) g d_ e~ 1) s
Ug ma iz (d) = f =4 +m2fsf°
D

f _oe10)ds [iloe 1)ds

+2/ /S 9() -1 gy g
s=0Jr OU2D

L e
_2 : ds/ / ) o= L) ~1() gy s
I(s)dg Js=0 0 UD 7“

for all d € [0, DJ; all the stated results follow from this. O

Actually, if we have g € C*([0, D]), then we can bound |[ug,x, x, [lcr+2(j0,5]) bY
lgllcr(o,p7)> but in the interest of keeping things similar to Lemma BT, we have
stated a weaker result; see also Remark

Proof of Lemmal[{.4} Combine together the results of Lemmas[9.1] and O
Next, let’s give the proof of Lemma [45]

Proof of Lemmal[£.5l Step 1. Since lim,_.o;(-Z f)(z) exists, £ f is uniformly con-
z€3°

tinuous on 3°. Thus, we can find an extension F' € C.(R?) of Zf. Fix next a
mollifier function A € C°(R?) such that & is even and J.ere 1(2)dz = 1, and define

Fe(x) def —2v/ / h <:c _,Z> F(z)dz
ZE]RQ €’/
for all z € R?. Then lim._o |[F* — (Z7f)|c(ze) = 0 and

sup e’ 1F | o (r2y < 00
e>0

for each integer k > 0.
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Step 2. Use Lemma [0 to solve the PDE
Lff=F° inj,
fe=f(x) ond;.

Thus lime o [|£f* — Z f|lc;e) = 0. By Step 1 and the results of Lemma (LT we
thus know that lim._o || f€ — f||g2(;e) = 0 and lim. g || f€ — f[|c(;) = 0. For each
integer k > 0,

supek”/||f5||ck(3) < 0.

e>0

Step 3. To finish, we need to extend f¢ (to Z;). Suppose that F' € C7(R x Ry).
Let ¢ € C°(R) be such that ((¥) =1 if || < 1. Define

r def F(.ﬁ,y) lfxeRvyZOa
F(l‘, y) = 1 89F i
CW) X j<r 515y (,0)y7 ifxeR,y <0
Locally using this construction near 03, we get the desired extension. |

Similarly, we give the

Proof of Lemma[{-61 Step 1. Since the limits

lim (& fp)(d) = [grg*(ﬂf)([x]),
[z]el
(}ifn}j (Zpfp)(d) = [f}]i]gll@(g ED

exist, .Zp fp is uniformly continuous on (0, D). Thus, we can find an extension
F € C.(R) of Zpfp. Fix next a mollifier function i € C2°(R) such that # is even
and [, _p h(2)dz = 1, and define

Fe(d) e /h <%> F(2)dz

for all d € R. Then lim. o [|F* = (£ f)pllc(o.py =0 and
supsk”/||F€||Ck(R) < 00
e>0

for each integer k > 0,

Step 2. Use Lemma [@.2] to solve the PDE

Zpff=F in(0,D),
fr(0) = f(),
fr(D) = f(®).

By Step 1 and the results of Lemma[9.2, we thus know that lim.o || f — fllc1 (0, p))
= 0 and that

sup e || £¥| o 0, py) < 0
e>0

for each integer k£ > 0.
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Step 3. To finish, we need to extend f& (to Z3). Suppose that Fe C’(R;). Let
¢ € C(R) be such that ((9¥) =1 if |9] < 1. Define

F()d:ef F(y) o ify >0,
Cy) <7 %Cgl;ylj (0)y? ify <0.
Locally using this construction near 0 and D, we get the desired extension. |

Remark 9.3. The facts that ||]536 — fllazgey — 0 and ||f§ — fpllero,py — O are
exactly what is needed to approximate f with fe in %ner and Yyuter; see Lemmas
QR0.T0).

Next, let’s make an expansion of test functions near 93. For functions on [0, D],
this will simply be Taylor’s theorem. We also derive a similar expression for func-
tions on 3 which are constant on 03.

Lemma 9.4. First, fit F € CN(R) for some integer N > 2. There is a function
T € CN72(R) such that

F(d) = F(0) + dF(d) + d*7r,r(d)

for all d € (=5, 3). For each nonnegative integer k < N — 2, there is a constant
Cr > 0 such that

T, Fllor (= se50)) < CrllFllorbt2((=se,0))-

Next, fix F € CN(R?) for some integer N > 2 such that F|83 = F (where F is
a constant). Then

(VE,VD)rge(z)

(45) dF,d®) (z) = d®,dD) (x)
R e T
for all x € 83 and secondly there is a function T, p € CN~2(R?) such that
(dF, dD)

F(z) = F +9(z) () +D(2)T;.r ()

(dD,dD)

for all x € N'. For each nonnegative integer k < N — 2, there is a constant Cy, > 0
such that

H-Ia,FHC’C(N) < Ck||F||Ck+2(_/\/‘).
Proof. When F € cN (R), we directly have via Taylor’s theorem

T p(d) = / v E(rd)dr

=0
for all d € R. The bounds on Tr g easily follow from this.
Consider next F' € R? as required, and fix z € 93. Since F is constant on 93,
(VF,VD)rgz(z) = 0. Consequently (by standard projection arguments),
(VF, V’D)TW (l‘)
REGIE

Since the map ¢ : T,R? — TFR? defined by (V¢(x)
linear,

VF(z) =

VO (x).

L dp(z) (for ¢ € CL(R?)) is

(VF,V®)rg2(x)

) = R0 e

dD(x).

This implies ({@5).
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Fix next a flow {¢,; ¢ € R} of diffeomorphisms of R? such that

YO (6,x),  teR @) €N,

el = Rl

9,(2) = .
Then D(me)(m)) =0 for z € N. We apply the Taylor remainder theorem to the
function ¢ — F(Qm(x)(x)) to find that

_ VF,V®)rr2
Fle)=F+2() (||vz><x>|)%§2

(46)

() +D*(2)7; p(2)

where

! \%A) (VF,VD)pe ))
1 = — —
1371’(‘1:) - /5:0(1 5) ('V@|%R2 ’ \4 ( HV@H%RQ R (?5’2(1)(1‘))d8

Note now that in light of (@3], we have that

(VF,VD)rgz () - (dF, dD) @
I99(0) 25 ")~ 14D, dD)
_ (VEVD)rge  \ (VF VO)rge )
= VD@ ) VD@ B Low ™)
W(?Q(x)(l‘)) <d@ d@>( )
= —D(2)7T p(x) + D(2)T; p(x)
where

! VD (VE, VD) g2
2 d:ef_/ (7,v<7m )> ds,
wr @) == | 0 Y U0, ), G0 @)

-IjF(x) - /01 (||V5‘ZV)|@|T1R27V <%>)T}R2 @S@(x)(x))ds.

Set 5 r def -I;,F — -IiF + -I?’F. The bounds on T, r follow from the explicit
formulae. u

Our next task is to show that Gyunerf and Y, yerf are well-defined for f € 27,
Let’s do the easy part first.

Lemma 9.5. The quantity Gouterf 15 well-defined and Gpuierf = UIQD(O)fD(O).
Proof. For z € S\ 3,

(dr,dD) (la]) = fp(D(@)) (4D,dD) ([z]) = fo(D(@))o} (D (x).

By Lemma B4l fp(0) = limg~ o fp(d) exists. O

We next want to study %npnerf- Again, we arm ourselves with a tool from the
theory of PDE’s. For each d € (—3, »), we let Ty : H'(3°) — L?*(D7'(d)) be the
standard trace operator [6, Section 5.5]. For ¢ € H'(3°), define

aof Jyeo-1(a)(Ta)WIIVDY) | 7ge 2 (dy)

ATp)(d _
AT fye@—1<d>I\Vi)(y)ll%uézﬁfl(dy)
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for all d € (—3,0]. We note that if in addition ¢ € C(3), then ATy = APy on
(—,0], where AP is as in ([0) (i.e., AT is an extension of AP to H!(3°)). We will
also use the following auxiliary result on the smoothness of AP,

Lemma 9.6. There is a constant C' > 0 such that
[(AP¢)(d) — (ATp)(d)| < Clloll @2y v/]d — ]
for all d and d' in (-, ) and all p € H*(R?).
Proof. Fix ¢ € C*(R?) whose support is contained in (—1,1)?. Then for any

“l<yr <y2 <1,
1 ¥2 5
'
- (z,y)dy dx
/Iifl /yyl Ay

1 Y2 b 2
<V ly2 —yll\// 1/ (8—§(x7y)> dy dz.
T=— Y=y

By standard transformations, approximations, and covering arguments, we get the
stated result. O

/; <f>(fc,yz)dfc—/1 p(@, y1)dz| =

=—1 r=—1

We now prove

Lemma 9.7. The quantity Gipnerf is well-defined and

. — T _ T (Vf, V@_)T]Rz <d@, d®>
Ginmerf = (AT (df,dD)) (0) (A IVDI[25. > ©

both of these quantities begin well-defined.

Proof. First, note that since f € H?(3°), the arguments of AT are both in H'(3°),
so both expressions for e, f are indeed well-defined.
Next, we observe that

ginnerf = él}% (AT <df7 d@)) (d)a

if this limit exists. We approximate using the f;e’s of Lemma ({5 By standard
properties of the trace operator, we have that there is a C' > 0 such that

(AT (df, d2)) () — (AT (af5,d)) (@)| < CIf = e
for all —» < d < 0. Using Lemma [06 and the fact that AT is an extension of AP,
we get that for some C' > 0,
|(AT (df,dD)) (d) — (AT (df,dD)) (0)| < 2C||f — fillmzse) + Cll fEl 2oy V/1d.

First let € tend to zero and then let d tend to zero. This gives us the existence of
Ynnerf and its first representation. To get the second representation, note that by

Lemma [0.4]
e | o2 (VI VD) g2 (4D, dD)
(A7 (475.49)) (©0) = (AT e ) Y

for every € > 0. By the properties of the trace operator and since
lim If = f5 |20y = 0,

we get the alternate representation for e, f- O
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The next task of this section is to bound some of the appropriate terms in the
proofs of Lemmas[71] and (e.g., the ¢5’s of ([B4)) and the w;(g)’s of (B0)).
Lemma 9.8. We have that lim._,g w1(¢) = 0 and sup,-, 55”l||q5§||c4(j\/) < 00.

Proof. It is clear that all derivatives of ¢ of order 4 or less involve derivatives of
f; and fg of order 5 or less; by the results of Lemmas B8 and 6] we thus get the
stated bound on [|¢7||ca(ary-

It is easy to see that

(AP65)(@)| < | (A (af;,dD)) (@(x)) - (AP (dff,dD)) (D())]
()t - (32 (s.53) o
+| (a7 (a5 d@}) (0) = Dhunerf

Goerf = F(0)0H(0)| + | £ (0)5h(0) = f(@(@))oh(D(a))

for any x € N. We now collect together a number of results we have proved.
We use the properties of the trace operators, Lemmas 0.6, and 0.7, and the
approximation results of Lemmas and We find that there is a constant
C > 0 such that

|Wi(5)| <C {5721} /2 + Hf; - f||H2(30) + HfD - ff"cl([o,D]) +e +V}

for all e” < D(x) < 2¢”. By our choice of v and v/, we have the stated resulfd. O

IN

Secondly, we have
Lemma 9.9. We have that lim._,o wz2(e) =0 and sup,., 56”/||¢§||c4(N) < 00.

Proof. Recall that f; | 95 = fE(0) = f(x). We can then use Lemma B4 to write that

Fi@) —fil@) _ F@) - F@@)-f)
D(x) (x) D(z)

(df;,d) (@) §
= m + ’D(x)'la,f; — [E(®D(x)) —D(x)Tr 2 (D(x))

for all z € N. Using the bounds of Lemma [0 we see that we can bound all
derivatives of ¢§ of order 4 or less by ||f;||c6(N) and || f£]|¢6((=,5)); by the bounds
of Lemmas and B8, we get the stated bound on ||@5||ca(ary. Similarly, we see
that there is a constant C' > 0 such that

|65(x) — ¢5(z)| < Ce¥ =2

for all z € S such that €¥ < D(x) < 2¢”. By our choice of v and v/, we have that
lim. g wa(¢) = 0 since lim,_,g wi(¢) = 0 (i.e., Lemma D:S[)E O

8We use here that

v/ < min -, =
4

9 We use here that
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Thirdly, we have

Lemma 9.10. There is a ¢5 € C*(R?) such that [B) holds. We may assume that
AP 5 =0 and that sup..o ™ |65 o1y < 0.

Proof. By Lemma [0:4] we may take
(af;,d)

(dD, dD)
TR2

¢i(x) = | VO,V (z) + D(z) (?@TRQ,V‘IE )(x).

3. f5

Thus, derivatives of ¢5 of order 4 or less can be bounded by derivatives of f;e of
order 7 or less. The fact that AP g5 = 0 follows from the fact that ¢§ is in the
range of VD. O

Finally, we prove a result needed in the proof of uniqueness (viz. in Lemma[&3]).
Lemma 9.11. If f € 21 and f attains its mazimum on *, then Gipperf > 0.
Proof. Define

def = _
uty ™ [ @) - 10} (9, 40) )V @)l g )
red;
for 0 <t < s. It is clear (by a calculation similar to the proof of Lemma [B.6)) that

u is differentiable on (0, 5) and

tl{r(l)u(t)— % (O)gmnerf

(where T is as in ([[H)). Furthermore, we have that lim, o u(t) = 0 and that

/t% la(t)|dt < oo

=0
(one can bound this in terms of || f|| g2(;0)). Thus

u(t) = / to i(s)ds

for 0 <t < s¢. If Gpnerf < 0, then u(t) > 0 for ¢ > 0 sufficiently small, implying
that f(¢ ) (z)) > f(*) for some = € 93, contradicting the hypothesis that f attains
its maximum at *. O

10. KHASMINSKII PDE

Here we prove Proposition B8l We will construct W by a Fourier expansion. For
each k € Z, define

a1 090 —2mkf

= (0.0 mko2/a(0) 79
where, as usual, 7 %' \/=I. We note that $o = 0 since ®(a(0),0) = ®(0,0).
Formally, we want to write that

S 8 27k61/(0)
(47) U(.d) = oy ;Zme & (d)

The combination of this and footnotes [T] Bl and BH8] give the restriction on v’ given in Definition

E2
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for all # € R and d > 0 (the term 8/(n + 1) provides a convenient normalization).
We thus want that & satisfy the PDE

n 2. nz— : TRN n 2
)+ Tt et + Tta @ = " s

8
or equivalently (after some simple algebra) that

1—v

d

(48) En(d) + &(d) + Ai&u(d) = w(d)

where
32— 2mkna/a(0) _ _ 16knm
CT A 28 (nt 1)%a(0)

Let’s choose the \;’s such that their real parts are positive. For positive k € Z,

define
def |, 11/2 4 ™ 1+Z_ 1/2 4 TN ri/4
A = |k = |k —
=MV aw v - M T e

and for negative k € Z, define

)\k d:ef|]€|1/2 4 ™m 1—1 _ |kj|1/2 4 ™ 677”‘/4.
n+1V a(0) 2 n+ 1Y «(0)

We will show in Lemma D02 that (&) has a solution such that
Jim &(d) =0 and 51{% &r(d) =0

(i.e., these are the two boundary conditions which uniquely specify the solution).
We will also show in Lemma [T0.3] that this solution has other desired properties
which we will need.

The d~! term in the first-order part indicates that solutions of Bessel equations
are somehow involved. Let’s first connect the homogeneous form of (E8) to Bessel’s
ODE and establish a variation of parameters formula to solve the inhomogeneous

ODE (“J).
Lemma 10.1. Suppose that J is analytic on C\ R_ and satisfies Bessel’s ODE
. J(2) (v/2)?

on C\ R_. Set ((d) o (Med)?/2J(Ad) for all d > 0 (using the principal branch

of z — 2¥/?); then ¢ : (0,00) — C is C> on (0,00) and satisfies the homogeneous
ODE

() + ) + Ne(d) = 0

for all d > 0. Next, assume that ¢ has no zeroes on (0,00) and define

d u
def 1 ~ v
(19) €)Y c0) [ s [ F@s Cdsdu
for all d > 0. If the constants of integration in this formula are chosen so that £ is
well-defined, then € is C? on (0,00) and satisfies the ODE (@S).

Proof. Straightforward. O
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We want to use this result to solve (@) with the desired boundary conditions;
i.e., we need to select a solution of Bessel’'s ODE to find a particular solution of
(#R) and then select constants of integration for the indefinite integrals in (A39). We
refer to [I7] for relevant results about solutions of Bessel’s ODE.

For each v € R, let J, be the Bessel function of order v; i.e.,

(=2

(50) 2= " X e )

for all z € C\ R_, where we take the principal branch of (z/2)” and where I is the
standard Gamma function. For k € Z\ {0} and d > 0, define

Gr(2) ' (nd)2 T, 2 (Ard)

and then
def o 1 v ~ 1—
(51) &e(d) = —Cr(d / 7/ w(s)s Y (k(s)ds du.
) ) u=d Ul*yC}%(U) s=0 ) )
We will prove below that this gives us the the desired solution of (48]).
Let’s proceed by recording some known properties of Bessel functions which, in
addition to the representation (50), we will use in our efforts. We use [I] and [I7]

as references. First, all of the zeroes of the J,’s are real when v > —1 [I7] §7.6]
(and note here that —v/2 = —1/(n 4+ 1) > —1). Secondly, we have that

2
(52) J,(zet™/?) = \ =z {cos (Jt:ej“”/2 - % - g) + e’c/\/ﬁ&,(meimm)}
edasd

where &, is some function such that lim, o |, (ze*™/?)|z < oo (see [17) Eq.
4.9.09] and [1, Eq. 9.2.1]). Finally, the derivatives of J, can be understood via the
relation

. 1
(53) Jo(z) = 3 {Jo-1(2) = Jot1(2)},
which holds for all z € C\R_ and v € R [T7] Eq. 2.9.15]. We use all of this to get
some relevant bounds on (;’s.

Lemma 10.2. We have that
2u/2

(}li{% C(d) = ) and }li{% Gr(d) = 0.
Furthermore, there is a constant C > 0 such that
1 elMeld/v2 elkld/ V2
(54) cl+ a7 =IO = SR
. | Ak |2delMeld/ V2
6] < O
for all d > 0.

Proof. For convenience define

oy ) IS
C°(2) = 2 2Ly/z(z) = Z mIl(—v/24+m+1)

m=0

for all z € C\ R. Then
Gk (d) = C°(Axd)
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for all d > 0. It is easy to see that

) . B 21//2 ) éo(z) B 21//2
65)  ImCE) =ropry o T =T Ty

The stated results about (i at zero consequently hold. Next, note that

1 1
cosx = 56711{1 + ¥} 4 56”{1 +e 2w}

for all x € C and that for any v € R,

Z(mmm_v_ﬂ_z)__iﬂ{i_?vﬂﬂ}
2 4 V2 V2 1 ’

Z(mmu_v_ﬂ_z)_iﬂ{i_wﬂ}
2 1) v lve

for all z > 0. It is thus not hard to see from (52)) that for any fixed v € R, there is
a constant C' > 0 such that

1 e%/V2 e/ V2

— - <

C Vv ~ NZ7

for all sufficiently large positive real 2. Using this and taking into account (B3) and

the fact that all the zeroes of J_, /5 are real, we thus have that there is a constant

C > 0 such that
L e < |¢o(zet™/4)| < o %
C (14 2)d-v/2 (14 2)(-1)/2

for all z > 0. This gives us the first bound of (54).
Let’s now look at the derivative of ¢°. Using (B3], we have that

(56) |, (zeE™/ 4| < C

‘o Vo yo_ 1 v 1 v
¢°(2) = 57 /2 Y e(z) + 57 /2J7V/271(Z) 37 /2J7V/2+1(Z)

for all z € C\R_. Thus by (E6), we get that there is a constant C' > 0 such that
z/\V2
Lo +m/4 e
et <0G
for all x > 1. Taking into account (53), we have that there is a constant C' > 0
such that

Lo +me/4 e
IC°(ze )| < C(l + x)3-1)/2

for all z > 0. This gives us the second bound of (4. O
Let’s next prove some desired results about &;.

Lemma 10.3. The right-hand side qf equality (&) is well-defined. We have that
limg 0 &k (d) exists and that limgs o &k (d) = 0. Furthermore, there is a constant
C > 0 such that

(57) 69 (d)] < CA[i=WHD/2e=d/C

foralld >0, k € Z\ {0}, and i € {0,1} (where C,gi) denotes the i-th derivative of
Ck)-
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Proof. As we pointed out above, the zeroes of Bessel functions all lie on the real
axis; thus the (i’s have no zeroes on (0, 00). Fix for a moment k € Z \ {0}. Note
also that since w has compact support, the inner integral is bounded; in light
of the exponential growth of (; of Lemma [T0.2Z] we can conclude that & is well-
defined on (0, 00). Since limg\ o (x(d) exists but is nonzero, we also can conclude
that limg\ o & (d) exists (we may use the fact that [, 1/u'""du < c0). We can
furthermore note that

G (d)

&k(d) + Ag(d)

where
def 1 d 1
Adzei/ w(s)s "V (k(s)ds,
k( ) dliugk(d) s—0 ( ) Ck( )
which holds for all k € Z\ {0} and all d > 0. It is fairly easy to see from this that

limg~ o £ (d) = 0.
For convenience, let’s define

B Lot |>\k|/\/§

for all k € Z\ {0}. Also, let d* > 0 be such that ©(u) =0 if u > d*.
It is easy to see that there is a constant C' > 0 such that

v S (L )
< *
€ (d)] < C/:d /SZOX[O,d ](5) (1+ |/\k|d)(1—u)/2 ul—ve2Bru

11/Bks

1+|>‘k| )=

uNd”
_C/ / ﬁkd 2B u+Brs
u=d

X (14 [Aguw) )5~
L F P ld) 72 (1 1 Pfs) 9 201

for all d > 0 and k € Z\ {0}. We now compute that for k € Z\ {0} and u > d >0
and 0 < s <wuAd,

(1+|)\k|u)171/ 1—v 1+| | 1—v 8171/
(1 + eld)@T=72(1 + [Ag|s) -9/ 2q1—v = Ak (1 + |A|s) T/

1-v 1—v
1 S
<[z _ (1-v)/2

ds du

du du

(1-v)/2
1
(1+|>\k|d*)(1 v)/2 _ |>\ |(1 v)/2 <|/\ |—|—d*>

1 (1-v)/2
< 02 ()

Thus there is a constant C' > 0 such that

(59) |€(d)] <c|>\k|(1 V>/2/ / ﬁkd—2ﬁku+fsksdsdu
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for all d > 0 and k € Z \ {0}. If d > d*, we compute that
oo uAd* [e%S) efﬁk(dfd*)
/ / eﬁkd72ﬁku+ﬁksd8 du < d*eﬁk(der*)/ 672ﬁkudu < d*
u=d J s=0 N u=d N V2| A
and if d < d*, then

0o u/Ad™ oo d*\/i
/ / eﬁkd72ﬁku+ﬁksd8 du = d*eﬁkd/ eiﬁ’““du — ]
u=d Js=0 u=d |)‘k|

Since 8; > 81, we have that

oo uAd* */9
/ / Brd=2BkutBis g gy < vz V2 exp [—B((d — d*) v 0)]
u=d J s=0 |>\k|

d*\2 d*v2

< mexp [B1((d —d*) v 0)] < mexp[_ﬁl(d — )]

_ V2T
| Ak

for all d > 0 and all £ € Z\ {0}. Combining this with (9], we get (&) for i = 0.
Turning now to (g, we use (B8)). From Lemma [[0.2] we have that there is a
C > 0 such that

$i(d)
Cr(d)

for all k € Z\ {0} and all d > 0. On the other hand, we also have that there is a
constant C' > 0 such that

Mel?d A+ el d)

(60) T (14 eld) T (L4 Mld)

< O]

(1 + |)\k|d)(17u)/2 /dAd* - eBks
Ap(d)| < C v d
|Ag(d)] < dl—veBrd a0 5 1+ |)\k|5)(1—'/)/2 5
—-C and —Brd+Bks (1 + |>\k|d)(liy)/281711 ds
5=0 (1 + [Ag|s)F=)/2dt =

for all k € Z\ {0} and d > 0. For 0 < s < d A d*, we see that

(1+ |/\k|d)(1_l’)/251_” (1 e (1-v)/2 sl

(1 + [Mels)@=72gi—v — \ad " 7" (1 + |Ax|s)0—1724(0=1)/2

1 (1-v)/2 sV s(1—)/2
= (E i 'Ak'> L+ Pals)0-72d0-072 — go—nz = !

for all k € Z \ {0}. Thus

dnd*
|Ak(d)| < Ce*ﬁkd/ eBrids = Cl‘/\—\/? exp [—Brd + Br(d A d*)]
s=0 k
Cv2 CvV2
= OV el —a) v o)) < S exp [ ((d - d*) v 0)]
[ Akl | Akl
—B1d
< O [ — )] < OVaeh €
| Akl | Akl
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for all d > 0 and k € Z \ {0}. This and (B0) imply that there is a C > 0 such that

: | Akl 1 “Bed _ (1-v)/2 1 —Byd
|§k(d)|§C<W+m e = ClAx| 1+W e

~ 1 _
< Clae| /2 <1+ 7%'(3”)/2) e brd

for all d > 0 and k € Z \ {0}, which gives us the bound (7)) for i = 1. O
Now define ¥ by (@T).

Proof of Proposition[6.A4. Fix any multi-index (a, 3) of order 2 or less. We have
that

o () ea)< (Z5) S S @l
keZ

for (,d) € R x (0,00) if this derivative exists. We now use (B7l) to compute that
for some C' > 0,

SO IKIGT (@) gkl < O [k AT T2 gy le /€

kEZ kEZ

1/2 1/2
<Ce“/0{2|k~|6|¢k|2} {Dkﬁ”wﬁw} .

kEZ kEZ

Standard Fourier calculations reveal that there is a C' > 0 (which does such not
depend on @) such that

1/2

Z |k[%|pr|? < Ol carxfop)-
kEZ\{0}

For the relevant o and 3 we have that

Z k20{—6|)\k|26—(u+1) < 00,
kez\{0}

Thus the derivatives in (6II) exist as real numbers for all (6,d) € R x (0,00) and
when o + 3 < 1 the bounds of Proposition [6.5] hold. Having allowed for o + 3 < 2,
we also know that ¥ is in C? and we can easily check that it satisfies the stated
partial differential equation. We can also extract the stated behavior at d = 0 from
dominated convergence. [l
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